In this work, we present an explicit form of the Lüscher equation and consider the construction of the operators in different irreducible representations for the case of scattering of two vector particles. The formalism is applied to scalar QED in the Higgs Phase, where the U (1) gauge boson acquires mass.
I. INTRODUCTION
The study of scattering in Lattice Field Theory (LFT) starts with the original work of Lüscher [1] . In this work, an equation that relates the scattering phase shift of a spinless particle to the finite-volume spectrum in the rest frame was derived. The formalism has been extended to moving frames [2] , π − N scattering [3] , N − N scattering [4] , different masses [5, 6] , moving frames with different masses [7, 8] and any multichannel system with arbitrary spin, momentum and masses [9] . In practice, the extraction of the phase shifts from data in case of coupled channels is most conveniently done by the use of the K-matrix approach. This method was first proposed in Ref. [10] , and a complete description can be found, e.g., in the recent work [11] .
For the case of scattering of vector particles, there may be interesting issues that can be addressed through LFT, such as the possibility of the Higgs boson to be a bound state of two W bosons. This is the case for a model proposed in Refs. [12, 13] , where a "superstrong interaction" together with superstrongly interacting particles are present. Instead of the Higgs mechanism, a nonperturbative mass generation mechanism is suggested. The model is strongly coupled at the relevant scale, and, therefore, LFT is the approach to test whether this mechanism exists or not (see Refs. [14, 15] for a first numerical investigation of this model). One possible consequence of this model could be that the Higgs represents a bound state in the W W channel. This justifies a thorough study of the W W interactions (including both the bound spectrum and scattering) within LFT, which is possible by using Lüscher's approach.
The aim of the present work is to study the vector-vector scattering process in a toy model, which is the first step towards applying the same method in physically more interesting cases. To this end, we rederive the Lüscher equation for scattering of particles with arbitrary spin by using nonrelativistic effective theory and check that the results obtained are in agreement with Ref. [9] .
We will further focus on the case of two identical vector particles and we make use of the spatial symmetries of the lattice to factorize the Lüscher equation. We explicitly construct the operators that transform under a certain irreducible representation of the spatial symmetry group, and, using these, we gain access to the different phase shifts of the theory. The approach will be tested in scalar QED, for which numerical results will be shown. For a first account of this work we refer to Ref. [16] .
II. SCATTERING OF TWO VECTOR PARTICLES A. Derivation of Lüscher equation for arbitrary spin
Let us consider a system of two particles with masses m i , i = 1, 2 in d = 3 dimensions. The system is described by the effective nonrelativistic Lagrangian
Here, φ i are the nonrelativistic fields with spin s i , W i = (m 2 i − ∇ 2 ) 1/2 and the interactions are contained in L I . The corresponding nonrelativistic propagators, with ω i (p) = (m 2 i + p 2 ) 1/2 , are diagonal in the spin indices ν, ν :
The scattering T-matrix is defined through the Lippman-Schwinger (LS) equation
where H 0 and H I are obtained from the Lagrangian in the usual way and G 0 (z) = (z − H 0 ) −1 is the free resolvent. The two-particle states with a total spin S are given by |k 1 , k 2 , S, ν ≡ |P, k, S, ν ,
with normalization P , k , S , ν |P, k, S, ν = 4ω 1 (k 1 )ω 2 (k 2 )(2π)
where k 1 , k 2 are the momenta of the particles, S and ν denote the total spin and its projection for the two-particle system, respectively, and P, k are the total and relative momenta in the laboratory frame:
equation should be replaced by a sum:
where 2π d/L = P.
By plugging the Eqs. (12) and (13) into the finite volume equivalent of Eq. (9), one gets:
with s = P 2 and S B being the spin of the multi-index B. Note that using dimensional regulariza- 
where λ denotes the triangle function.
Now, using unitarity of the transformation of the spin indices, one arrives at
This matrix can be related to its equivalent for scalar particles by using Eq. (11):
where we used the identity [5, 17] (with q = q 1 − µ 1 P) . This way, and up to exponentially suppressed terms, M l m ,lm is given by (see Ref. [5] )
where
γ = (1 − P 2 /P 2 0 ) −1/2 and n ∈ Z 3 . One can see that Eq. (15) is a matrix equation, and the poles in t A A arise when
where A is a matrix
Here it is already implied that J and µ are conserved in scattering processes in the infinite volume,
i.e. h J l S µ ,JlSµ = h J l S ,lS δ J J δ µ µ , and the factor i l−l can be dropped in the determinant. Now, in order to express this equation in a more compact way, one uses the standard definition A system of two identical vector particles can couple to total spin S = 0, 1, 2. Even spin combinations are symmetric under the exchange of two particles, whereas odd combinations are antisymmetric. The same holds for the angular momentum L. The possible combinations of S and L to J P , respecting Bose statistics (totally symmetric state), are listed in the Table I . The combinations that have mixing are in the same column in the table and correspond to same J P but different L, S. The possible mixings can be parametrized by a mixing angle and two eigenvalues. This would be analogous to the parametrization of the mixings for two nucleons in Ref. [18] ; for example:
Since no mixing occurs between even and odd spins, neither in the M matrix, nor in the phase shifts, Eq. (26) factorizes for even and odd spin.
For the scattering of two spinless particles, it is well known (see Ref. [19] ) that the phase shift can be parametrized as a polynomial of k 2 :
One obviously needs an analog of this parametrization in the multichannel case as well 1 . In order to derive such a parametrization, we note that, within the effective field theory, the left-hand side of Eq. (13) has a Taylor expansion in momenta. Taking now into account the fact that the projector on the right-hand side of the same equation contains the factor |k * | l+l , from Eq. (25) one may finally conclude that, on the mass shell, 
Here, D J µµ (S) denotes the usual Wigner matrix, if S corresponds to a pure rotation. Otherwise, the group elements can be represented as S = IS, where I is an inversion andS is a pure rotation. In this case, we define D J µµ (S) = (−1) l D J µµ (S). Furthermore, R Γ αβ (S) denotes a matrix representation of G in the irrep Γ.
These projectors must be applied to the basis vectors of the irreps of the rotation group |J, S, l, µ with indices β and µ fixed
where n labels the number of multiple occurrences of Γ. The different spatial symmetry groups, with their irreducible representations and the corresponding elements are listed in Appendices A and B.
As seen from Eq. (31), the basis vectors of the irreducible representations of the symmetry group of the lattice can be expressed in terms of the one of the continuum:
where the Clebsch-Gordan coefficients c Γnα Jlµ can be read from Tables C1 to C8 in Appendix C. They are in agreement with those of Refs. [3, 8] and obey the usual orthogonality conditions
The matrix M can be partially diagonalized in the new basis:
(for a given Γ and α). Moreover, the matrix cot δ should be written down in the same basis as M:
For simplicity, M Γ will be expressed in terms of functions ω js
Understanding and using some symmetry properties of ω lm simplifies the expressions of M Γ . A frame-independent property is
and it is a direct consequence of the properties of the spherical harmonics. Moreover, if one changes the order of the particles (m 1 ↔ m 2 ):
which for the case of equal masses implies vanishing Z d js for odd j. Additional symmetry properties of ω js in the rest frame are listed in Table II for the rest frame (See also [22] ) and in Ref. [8] for moving frames. In Appendix E we give some examples of M Γ in the rest frame. 
III. TOY MODEL: SCALAR QED A. The Lagrangian
In order to test the formalism, we use scalar QED with a Higgs mechanism, since the vector state needs to be massive. This model was, for instance, studied in Ref. [23] , whose parameters will be used as a guideline. The continuum Euclidean Lagrangian of such a theory reads
with
For the discretization we restrict space-time to a discrete and finite set of points
We use periodic boundary conditions. In order to include the gauge symmetry in the discretized action, one defines the discretized gauge links at point x in direction µ as
with gauge potential A x,µ , gauge coupling g and lattice spacing a. In the case of QED U x,µ ∈ U (1).
Scalar field φ, covariant derivative and integrals are discretized as follows:
This way, the discretized action reads
The plaquette at point x in the µ-ν plane is defined as usual by the smallest closed loop
B. Construction of the operators
Any transformation of the group G, acting on the components of any vector, is a combination of an interchange of its components, an inversion of an axis and an inversion of all axes. We would like to study the transformation properties of the operators
with respect to the transformations from the group G (here, we choose the spatial component µ = i of the link U x,µ ). We will consider everything in the continuum first and then its equivalent for the discretized model.
The transformation of the scalar fields reads
where the matrices T ij (S −1 ) form a three-dimensional irrep of the cubic group in the Cartesian basis. Next, we consider the transformation of the link. The transformation law for the vector field is given by
For the transformation of a link under G multiple cases have to be taken into account:
• The interchange of the components does not affect the index i. For example, i = 1, whereas the components 2, 3 are interchanged. Then, in the continuum, the link transforms as
where e i denotes a unit vector in the direction i and x = (x 1 , x 3 , x 2 , t). On the lattice, this corresponds to
• The interchange involves the component i, e.g., i = 1 and the components 1, 2 are interchanged. Then,
or, on the lattice,
where x is obtained from x by interchanging the components x i and x j .
Both transformations can be written as
In other words, the link U x,i behaves like a vector under such transformations, albeit not being a vector with respect to the rotation group.
• i = 1 and the reflection of all axes. The result is given by
• The inversion of one of the axes. Here, again, one has to consider two different possibilities.
First, if the axis i is not affected by inversion, then
otherwise
Finally, let us consider the set of the operators O i (x), defined in Eq. (48) and construct the
Using the transformation properties of the scalar field and a link it is straightforward to check that the following operator
transforms as S(x) → S(x ) both under rotations and inversions. One may use this operator, for example, to project out the spectrum in the representation A 1 (rest frame).
On the other hand, it can be checked that the operator
behaves like a vector both under the rotations and reflections. We shall use this operator to construct the two-particle operators for the vector-vector scattering in different irreps. The conventions and the naming scheme of these irreps are listed in Appendix A.
The generalization for the case of a Wilson line of arbitrary length is given by
for which Eqs. (61) and (62) do not change (in the following, in order to simplify the notations, the dependence on N is never displayed explicitly). Note that such highly nonlocal operators are seen to improve the signal significantly.
IV. OPERATORS
A generic operator O Γ α (x), transforming under a specific irrep Γ of the group G, obeys the following transformation law
The prescription for constructing such operators is well known (see, e.g., Refs. 
where the set of R Γ αβ (S) forms the irrep Γ of the group G with index β fixed. The two-particle operator with total momentum p and relative momentum q is given by
where the vectorq is obtained from the vector
In order to simplify the construction of the operators, we note that the irreducible operators transform exactly as the basis vectors in the corresponding irrep. We shall illustrate the procedure with one example. Consider the construction of the two-particle operator in the case where the momenta of the particles are . This is a case of the little group C 4v . From  Table C4 one finds that, e.g., the state |2, 0 is the basis vector in the irrep A 1 . On the other hand, various linear combinations of the Cartesian components of the vector field V i (x, t) transform as
The state |2, 0 can be obtained as a linear combination of the spin-1 states:
Taking into account the Eq. (67), we finally obtain that the following operator
with p = 2π L (0, 0, 1), indeed projects on the irrep A 1 of the group C 4v . We have collected one-and two-particle operators in Table III and Table V, Table V .
(1, 1, 0)
(1, 1, 1) 
(1, 1, 0) 
V. NUMERICAL RESULTS
The parameter sets we use are compiled in Table IV. Note that we have five different sets of bare parameters λ and κ for L = 12 and T = 24. For one of these parameter sets we have a second volume with L = 16 and T = 32. We compute correlation functions
using the operators defined in the previous sections. At large time differences t−t these correlation functions are proportional to exp(−E(t − t )) with E the energy of the lowest state with the corresponding quantum numbers. The energies are calculated with a fit to the shifted correlation functionC
including an excited state, and the errors are calculated using the Jackknife method. We use the shifted correlation function to subtract any contribution constant in time stemming from vacuum expectation values, see also Ref. [24] . Thermal contaminations in the two-particle correlation functions with nonzero total momentum turn out to be not important for our analysis (see plots in Appendix F). Therefore, we have used the shifted correlation function throughout. All the results are listed in the tables of Appendix D and they will be discussed in this section. In addition, we show exemplary plots for effective masses for selected correlation functions in Appendix F. The effective mass m eff is calculated by solving
numerically for m eff .
A. One-particle results
In Figure 1 W . It is expected that these two states mix because they have the same quantum numbers. Hence, it seems that the overlap of the operator Eq. (61) shifts with increasing operator length due to the presence of more gauge links. Moreover, since the mass of the scalar is only needed as a reference, and the gap between the scalar and the vector mass is big, we do not perform a variational analysis at this point.
In Figure 1(b) we compare the masses of a single vector and scalar particle as a function of κ for L = 12. With increasing κ-value we observe the vector mass to be approximately constant while the scalar mass increases almost linearly. In the range of κ-values studied here the vector mass value is always smaller than the scalar mass value. We recall that in the continuum the bare masses of the particles are given by m 2 φ = −2m 2 0 and m 2 V = − the mass of the vector to be suppressed with respect to the scalar mass by a factor g and 1/λ c .
However, it is not clear why the scalar mass duplicates with increasing κ, whereas the vector mass increases at best slightly.
In Figure 1 
Here, the mass am is taken to be the one measured in the rest frame, m
V . This shows that the continuum dispersion relation describes our data better and we do not observe large discretization effects for ap < 0.6. However, around ap 1, this description becomes worse, as cut-off effects get bigger. From now on, we will always use the continuum dispersion relation with the mass as obtained from the rest frame as input. 
A16 as a function of the scattering momentum k.
They are calculated neglecting partial waves J > 1. 
B. Two-particle results
The energy difference ∆E is defined as the difference between the two-particle energy on the lattice and the two-particle energy in absence of interactions. In Figure 3 as a function of 1/L 3 .
In Figure 3 (e) we show ∆E for ensemble A16 in the first moving frame for the irreps A 1 , A 2 , B 1 , B 2 and E. As expected, ∆E depends on the considered irrep. For the moving frame shown in Figure 3 (e) ∆E is only significantly different from zero for the E irrep.
Subsequently, in Figure 3 (c) we show the phase shifts with J P = 0 + computed from the energy shifts. Note that we neglect partial waves with J > 1 and that the two possible L, S combinations cannot be distinguished at this level:
For the highest momentum shown, the ratio between the nonrelativistic kinetic energy and the mass is quite large, E k m ≈ 0.8. Hence, the kinematic suppression of higher partial waves, though present, is not strong anymore and a corresponding systematical error is to be expected. The phase shift appears to be small and negative for small scattering momentum, indicating a weak repulsive interaction. If the data for large k can be taken seriously, there seems to be a flip of sign around scattering momentum ak ≈ 0.18 and a rapid growth toward pi/2 beyond this point.
Without further study, we cannot say whether this corresponds to a resonance or not.
Finally, in Figure 3(d) we show the results for the phase shift with J P = 0 − . In this channel there are no mixings, and one can expect a cleaner determination with respect to J P = 0 + . Again, we neglect partial waves with J > 1:
The phase shift values are consistent with an attractive interaction. δ increases with increasing k, which might indicate a resonance for ak > 0.18.
In this paper we have rederived the Lüscher formalism for particles with general spin. We find complete agreement with Ref. [9] . We have explicitly formulated this approach for the case of two vector particles in the scalar channel.
The formalism is applied to scalar QED in the Higgs phase, where the gauge boson becomes massive. For this model we derived the relevant operators to study scalar, vector and two vector particles with center of mass momenta up to ap = 2π L (1, 1, 1). We have simulated scalar QED using Markov chains and we have estimated interacting and noninteracting energy levels for various total momenta in the scalar channel. We have studied a set of bare parameter values and two volumes.
Even though the model is sufficiently simple to simulate, it is still a challenge to gather enough statistics to obtain significant results. In general, the correlation functions measured by us, appear to be rather noisy.
In addition to the noise, it turns out that we are facing a dependence of the estimated single particle energy levels on the total momentum, which could be explained with lattice artifacts. In the energy shift ∆E, this dependence is much less pronounced. However, statistical uncertainties are also larger for ∆E. Still, ∆E shows the expected dependence on L. This makes us confident that our measurements are meaningful to a certain extent. Neglecting at this level any mixings and higher partial waves, we could extract the phase shift as a function of the scattering momentum.
A model-independent determination of all S-matrix parameters is computationally very expensive. Namely, it would require many volumes and the use of the multichannel effective-range expansion (Eq. (29)). However, our results show that it is feasible to study the interaction of two vector particles. Hence, in the future, we plan to apply these ideas to study the possibility of the Higgs boson to be a bound state of two W bosons. The ten irreducible representations (irreps) of the spatial symmetry groups of the lattice include 4 one-dimensional, 2 two-dimensional and 4 three-dimensional ones. They are:
• A 1 is the trivial representation, where all elements of O h are 1.
• A 2 is the trivial representation for O times −1 when an inversion is present.
• B 1 assigns R i = −1 to rotations in the conjugacy classes 6C 4 and 6C 2 and R = 1 otherwise.
• B 2 is the same as B 1 multiplying by −1 when an inversion is present.
• E labels a two-dimensional representation. For the octahedral group, the superscript E ± means whether an inversion multiplies the element by ±1.
• T ± 1 is a three-dimensional representation which coincides with the Wigner matrices: R i = exp(−in i Jω i ), with J the group generators and n i and ω i as listed in Table B1 . The superscript ± labels whether spatial inversion are assigned always +1 or ±1.
• T ± 2 is the same as T 1 with a change of sign in the conjugacy classes 6C 4 and 6C 2 .
In Appendix B the elements and characters of the different spatial symmetry groups are shown.
They are taken to be in agreement with Ref. [3, 8] . (1, 
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